A collective system of atoms in a high-quality cavity can be described by a nonlinear interaction which arises due to the Lamb shift of the energy levels due to the cavity vacuum ͓Agarwal et al., Phys. Rev. A 56, 2249 ͑1997͔͒. We show how this collective interaction can be used to perform quantum logic. In particular we produce schemes to realize controlled-NOT gates not only for two-qubit but also for three-qubit systems. We also discuss realizations of Toffoli gates. Our effective Hamiltonian is also realized in other systems such as trapped ions or magnetic molecules.
I. INTRODUCTION
The possibility of doing quantum computation with neutral atoms is becoming more realistic with the advances in techniques relating to the trapping of few atoms which could even be addressed individually ͓1-3͔. However, a number of experiments so far have been done with flying qubits ͓4-6͔ and a number of proposals exist on implementing quantum logic operations using cavity QED ͓7-11͔. We note that the realization of a controlled-NOT gate between two qubits requires some form of interaction between the qubits. There are thus realizations which depend on the interaction between the center-of-mass degrees and the electronic degrees of freedom as in the case of ions ͓12-14͔, the interaction between the photonic qubit and the atom as in case of cavity QED ͓4͔. Thus for doing logic operations with neutral atoms one would require an effective interaction between them. Note that we have to keep the distance between atoms such that selective addressing is possible for singe-qubit operations. On the other hand, if the atoms are far apart, then the electrostatic interaction between them is very weak. These problems can be overcome by using a high-quality dispersive cavity. It has been shown earlier that the interaction of trapped atoms with a single mode of the radiation field produces an effective interaction which can be utilized for doing quantum logic ͓15,16͔. Though we shall work in the framework of this physical system, it is notable that the considered Hamiltonian is a special case of the Lipkin model ͓17͔, and similar Hamiltonians can be associated with the dynamics of ion traps ͓18͔ and Fe 3+ ions of a large magnetic molecule ͓19͔.
In this paper we propose a technique to realize quantum computation using cavity QED based on a collective interaction between all qubits, and single-qubit rotations. We derive explicit results for systems of two and three atoms, and provide direct constructions of important quantum gates for both configurations. Our results imply that arbitrary quantum gates could be realized for the two and three qubit systems. In the latter case it is demonstrated by first deriving a universal two-qubit gate from the collective interaction of the three atoms. The two-qubit gate thus obtained consists solely of the collective three-atom interaction and single-qubit rotations. In particular, we do not use any techniques involving other auxiliary states to select pairs of atoms to interact, as it is common in the literature of cavity QED quantum computing ͓20-27͔. Although this reduces the number of sources of decoherence, it renders the calculations for implementing universal gate sets more involved. It is more difficult since now we are constructing simpler gates such as the CNOT from the more complex three-qubit gates and single-qubit operations. We note that the major source of decoherence, the finite lifetime of cavity photons, is eliminated in this approximation because of the dispersive nature of the atomcavity interaction, and a finite loss rate only reduces the strength of the collective interaction.
The outline of this paper is as follows. We shall introduce our system and qubits in Sec. II, present a brief summary of some key mathematical tools used during our calculations in Sec. III, then in Secs. IV and V we shall give specific constructions of controlled-NOT gates for N = 2 and N = 3 atoms, respectively. We discuss realizations of Toffoli gates in Sec. VI, and Sec. VII is dedicated to our conclusions.
II. PHYSICAL SYSTEM
We consider N two-level atoms trapped in a cavity, with the atomic transition frequency 0 detuned from the cavity resonance frequency by some value ⌬, and denote the dipole coupling between an atom and the cavity by g. The main source of decoherence in cavity systems is generally the relatively high loss rate of photons from the cavity. We introduce the parameter to characterize this decay rate. Another significant source of decoherence is the spontaneous decay of the excited state to the ground state. Considering the number of many ways to work around this problem ͑e.g., deriving effective two-level atoms from a ⌳-type system͒, we do not discuss this topic in the present paper, and the main result remains the demonstration of quantum computing in a dispersive cavity. We note, however, that for large enough detuning ⌬, the modification of the decay rate due to
